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Correlation of The Elastic Properties and 
Translational Order of Smectic Liquid 
Crystals 
I .  S. GERSHT and V. K. PERSHIN 
Ural Polytechnical Institute, 620002 Sverdlovsk K-2, USSR 

(Received October 8, 1987; in final form June 23, 1988) 

In terms of the microscopic approach based on the account of the terms nonlinear with respect to the 
wave vector in frequencies of the translational oscillations of the uniaxial molecules the known smectic 
phases are investigated and the new ones are predicted. All these phases differ qualitatively by the 
translational ordering degree in different directions and by elastic properties. The transition between 
them is followed by a jump of entropy. It is established that the corresponding nonlinear terms lead 
to the arising of some restoring forces which increase structure ordering significantly if moduli are equal 
to zero. The account of them allows, in particular, to prove that there exists long range order within 
the layer of the smectic B even if the “statical” interlayer shear modulus is equal to zero, to describe 
weak intermolecular correlations within the layer of the smectic A, to interpret the experimental 
frequency dependence of the elastic moduli of smectics B and A. The new phases occupy the intermediate 
position between the known ones. The experimental identification of these phases may be fulfilled by 
means of the x-ray investigation of partial disordering and of the study of the frequency dependence 
of the shear moduli. 

Keywords: microscopic theory, smectic liquid crystals, classification, translational order, 
dynamical shear moduli, nonlinear effects 

1. INTRODUCTION 

The smectic liquid crystals (SLC) are mesomorphic phases which are characterized 
by the difference in the value of translational order in different directions. One of 
the most known classification techniques of SLC’s and the description of phase 
transitions in them is based on the consideration of groups of “global” symmetry.’ 
It allows the solving of these questions in connection with the presence or absence 
of long range order in the fixed direction. In terms of this technique it is, however, 
impossible a) to consider phases which have order intermediate between the corn- 
pletely ordered (i.e. crystalline) and the disordered (i.e. liquid) one in the fixed 
direction and b) to investigate the effects of local order existing even within the 
‘‘liquid’’ layer of the smectic A.273 For example, ordering of layers (i.e. in the 
direction of the normal to the layers) in the smectic A is neither liquid nor crys- 
t a l l i t~e .~?~  Another example may be intermediate order within the layer in the 
smectic F.6.7 
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148 I. S. GERSHT AND V. K.  PERSHIN 

The basic ideas of the approach allowing to solve these problems had been long 
ago formulated by Landau.8 This approach is based on the consideration of the 
temperature fluctuations of particles and leads to the conceptions so as long range, 
quasi-long-range and short range order. Landau had considered the dependence 
of the frequencies mi of translational oscillations on the wave vector K in the 
investigation of systems with one- or two-dimensional periodicity. He had proposed 
accounting corresponding second order terms (i.e. nonlinear ones with respect to 
K) in the frequencies for the investigation of translational order of the structures 
where the shear moduli are equal to zero. This idea had been later applied to the 
interpretation of translational order of the layers in the smectic A4,5 and of the 
stacks of SLC formed by disclike molecules (D).9*10 Second order with respect to 
K is associated with the account of orientational correlations in these papers. 
Landau had also shown8 that no long range translational order can exist in low 
dimensional systems. At present these results are used for the interpretation of 
experimental data in the investigation of order within the smectic F layeI.6 and the 
stack D.l0 

Thus, the nonlinear and dimensional effects are a matter of principle for under- 
standing of the nature of the mesomorphic substance state. In the present paper 
the influence of these effects on the elastic properties and translational order of 
SLC's is studied in terms of the microscopic theory. 

2. ELASTIC PROPERTIES 

We shall consider a hexagonal layered crystal in terms of the pseudo-harmonic 
approximation accounting strong anharmonism. 11*12 Let us assume that the mole- 
cules of the crystals have a shape of ellipsoids of revolution. Two identical axes of 
these ellipsoids are parallel to the layer plane and the third one is normal to the 
layer, These axes are nearly equal in length to the intermolecular distance within 
the layer and to the distance between the layers, respectively. 

Let us write down an expression for the potentional energy of one molecule 
assuming that it interacts with the first and second neighbors only and not ac- 
counting manybody forces in the evident form: 

Here rni  and rnj are the molecules coordinates; n = 1 corresponds to the first 
neighbors and n = 2-to the second ones; i and j are the molecules numbers 
within the layer and of the layer, respectively, at the fixed n. The first item in 
square brackets is the interaction potential of the molecules within the layer, the 
second one is the effective interlayer potential. 

Let us assume that the interaction is non-central 

and anisotropic. Note that the interaction non-centrally allows to account manybody 
forces in the model manner13 and its anisotropy is an evident consequence of the 
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ELASTIC PROPERTIES OF SMECTICS 149 

shape anisotropy of molecules and of the existence of the preferential orientation 
direction of their long axes. We choose a system of coordinates so that the axis 
OZ is perpendicular to layers 1; = 6,313 and the axis OX coincides with one of 
the fundamental translation vectors within the layer 1: = 8,J; 1"' = (P); In' = 
(Pi). Here (***) is the statistical mean which is calculated over the equilibrium 
state of the crystal. Let us investigate the elastic properties of the system assuming 
the existence of long range crystalline order (we shall consider the essential influ- 
ence of partial disorder in the third section). In the continual approximation the 
free energy will be4,5*9.10*14 

Here FI is the energy of the orientationally disordered system. (Let us assume that 
the absence of orientational correlations is equivalent to the case of spherical 
molecules). The second and the third items are the corrections connected with the 
account of the orientational correlations; ui is the i-component of the displacement 
from the equilibrium position; u ~ , ~ ~  = d2ui/dz2, KI1 and K33 are the Frank-constants. 
By using the standard technique10J4 it can be shown that the account of these 
corrections leads to the change of the frequencies wi of the translational oscillations 

(4) 
M(Wl.2)2 = M(w,,z)? + 8(K3312/1:)e;, 

M(o3)' = M(w3): + 16(K1113/f2)04, 

where (w,), corresponds to the case of spherical molecules; 8, = 1K1/2, O2 = lK,/ 
2, O3 = 13K3/2, 8 = v m ,  K, are components of the wave vector; M is the 
molecule mass. The frequencies (wJl can be obtained from the equation" of the 
microscopic theory of atomic crystals 

where a;;' = d2(9)/dl;pdl;P are the force constants. We solve these equations by 
using the symmetry of force constants. l3 Substituting the solutions into (4) we 
obtain 

4 ' 12 

13 
Mw: = 4 . f3C11 Sin% + - c1313 Sin2e3 + ci3130$7 

Mw: = 4 - 13CM Sin28 + C&04 + 2 l 3 C l 1 e ~ e ~  

+ - C,,,, Sin%, + c;3138;7 
41 
13 

41 Mw: = 4 * 13c3131 Sin% + C;,,,B4.+ - C33 Sin%, + C;,e;, 
13 

Cii, c 1 3 1 3 ,  C3131 are combinations of the force constants. 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
33

 1
9 

Fe
br

ua
ry

 2
01

3 



150 I. S. GERSHT AND V. K.  PERSHIN 

Primed coefficients are connected with the account of the orientational correlations 
of molecules and of the translational force constants of the second neighbors also: 

l6Klll3/l2. In particular, it can be shown from the relations (6) that the free energy 
associated with the molecules oscillations in directions OX and OY has the form 

C& = -9@ii; C;3 = -16@:+; c;313 = -16@:$ + 8K3312/f:; C;131 = -18@;; + 

where i = 1,  2; u ; , ~  = dui/dz. 
Note that we had to use the macroscopical theory for the calculation connected 
with the account of the orientational correlations in the frequencies (6). If, however, 
the consideration is fulfilled in terms of the standard approximations in accordance 
with which we may confine ourselves to the investigation of two cases only ( 1) 
there exists long range orientational order and 2) there is no orientational order 
at all) then the macroscopic characteristics- the Frank-constants-can be consid- 
ered as microscopic parameters also. In terms of such approximations we can 
assume that the frequencies (6) depend on parameters characterizing the interaction 
of the first and second neighbors only. 

Let us discuss the relations obtained. The interaction of particles is characterized 
by the force constants in the microscopic theory and-by the elastic moduli in the 
continual one. For systems possessing long range order there is a connection be- 
tween these two approaches13 by using of which in the long wave approximation 
it can be shown that Cii, c1313,  c3131 are the elastic moduli of the continual theory; 
C,, characterizes the compression within the layer; CM is the shear within the layer; 
c 3 1 3 1  is the bend of the layers; c 1 3 1 3  is the shear of the layers parallel to each other; 
C33 is the compression in the direction of the axis OZ. Let us investigate the 
influence of the anisotropy of the molecules shape. For spherical molecules the 
interaction will be isotropic. In this case the force constants are associated by the 
relation 3@::/2 l3 = /3@i;/1215 which, according to (6) indicates 

(c1313)1 = (c3131)I c44 (8) 

Hence, for the system of anisotropic molecules we have 

c1313 f c3131 (9) 

Note that the similar effect-the asymmetry of the elastic moduli C,,, f CBajlr- 
is also observed in ferromagnetics and is connected with the invariance breaking 
due to the magnetization.I6 The primed coefficients in the frequencies (6) depend 
on the Frank-constants Kll and K33 and the force constants of the second 
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ELASTIC PROPERTIES OF SMECTICS 151 

neighbors. For the case of spherical molecules the Frank-constants are equal to 
zero. The absolute value of the force constants of the second neighbors decreases 
quickly with the increase of the distance between these neighbors. The latter in- 
dicates that the "stretching" of the molecules along OZ leads to the increase of 
@!: and the decrease of at;. 

From the analysis shown it is clear that the account of the relation (8) and the 
fixing Kll = K33 = 0 are necessary for the consideration of the extreme case of 
spherical molecules. In the extreme case of elongated molecules directed along the 
axis OZ-i.e. 2 * l3 >> fl * 1 (this case corresponds to the model of the ordinary 
smectic phase Sm)-we have 

In the third extreme case corresponding to the model of the discotic mesophase 
D-when the structure is formed by the disclike molecules possessing large radius 
and the discs plane perpendicular to OZ,  i.e. 2 - l3 << fi 1-we have 

(C&)D = 0; (C!3131)D = 16K1113/12. (1 1) 

It is evident that for real molecules the values of the coefficients considered are 
to be within the range limited by these three extreme cases. 

Let us investigate the conditions at which the shear moduli CM, c3131, c1313 are 
converted into zero. For this purpose we divide the force constants of the first 
neighbors into two groups: the first one involving the longitudinal constants 
@:;, (their designation being @I1) and the second one-the transversal constants 

@::-@l. The intermolecular potential may be repre~ented'~ in the form 
of the harmonic part and the correction accounting the anharmonism and non- 
centrality of the interaction. It is obvious from ( 5 )  that the force constants can be 
represented in the similar way 

Taking into account13 (@')harm = 0 it is not difficult to get'' 

In particular, it follows from this relation that the corresponding transversal con- 
stants can be of negative, positive or zero value. It can be noted that these results 
are in agreement with experimental data.13 Putting (13) into (6) we get 

Hence, it appears that there is a principle possibility of the existence of states where 
the elastic moduli characterizing the compression are nonzero (Cl17 C,, # 0) and 
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152 I. S. GERSHT AND V. K.  PERSHIN 

the shear moduli CM, c1313, can become equal to zero independently from 
each other. (For example, if CM = 0 then Cll =a# # 0 and additional conditions 
are to be introduced in this case for the estimation of the value of the shear moduli 
c1313 and &I). These states are characterized by the strong influence of the 
anharmonisms and the non-centrality of the intermolecular interaction. They can 
not be described at the account of the central forces in the harmonic approximation 

Let us analyze the shear stability of the structure and consider the stability relative 
to the shear of the layers parallel to each other at first. It is obvious that the system 
is stable if ,Cl3I3 # 0. If c1313 = 0, but c;313 # 0 then it follows from (6) and (7) 
that the restoring forces can be caused by the nonlinear deformations (ui,zz # 0, 
i = 1, 2) only. The external shear stress varying with time must, apparently, lead 
to the occurrence of such deformations (i.e. of the restoring forces). It can be 
shown by similar considerations that just as in the long wave approximation the 
zero value of c1313, CM, indicates the existence of the statical shear instability 
in corresponding directions. In these cases, however, there exists the dynamical 
shear rigidity associated with the account of second order with respect to K. If, 
for example, the corresponding shear stresses change according to the harmonic 
law then the dynamical shear moduli are proportional to the frequency w of the 
corresponding external stress 

0niy.13~9 

3. PARTIAL TRANSLATIONAL DISORDER AND ELASTIC STABILITY 

Let us write down a relation11.12 for the correlations of the temperature fluctuations 

(u,(O, Lo)u,(L, Lo)) = {(e?)* exp(i K L)cth[wj(K)/2T]}/2Mwj(K). (16) 

Here u,(L, Lo) is the a-component of the displacement from the equilibrium po- 
sition L = Li, + L3i3, a = l, 2, 3. The vector Lo = Lo(il + i2) + L!i3 gives 
the sample sizes: Lo-within the layer plane and L$-over the normal to the 
layer. According to, Reference 10, the finiteness of these sizes is accounted in the 
right side of (16) by means of the limitation by the value of the wave vector Ki 2 

(i = 1, 2, 3), KP = K! = 2n/L0; Kg = 2n/Lg; e: is the a-component of 
the polarization vector; T is the temperature. 

By going from the summation to the integrating in (16), by calculating e: in the 
high temperature limit T >> o and by using the approximation CI1 >> CM, c1313 
corresponding to the structures able to form liquid-crystalline phases we get 

W' 

Sin2( K L/2) 1 
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ELASTIC PROPERTIES OF SMECTICS 153 

Here j is "wl" and "il"; x,, = x = x1 + x2;  xi, = x 3 ; ( u 3  = (u') = 2(u:) = 
2(u$); (uz) = (uz); x,(L,L0) = ([u,(O,Lo) - u,(L,L0)]*) is the mean square of the 
relative displacements of molecules; w,, = 02; oil = w3. The relations (16) and 
(17) are obtained for crystals. Let us discuss a possibility of their applications to 
the description of partially ordered systems. In the second section it is shown that 
the elastic parameters (6) depend on the interaction with the first and second 
neighbours only. It is obvious that these microscopic parameters can be identified 
as the local elastic moduli for the infinite sample having short range order at least. 
It is also evident that the correlation couplings are basically maintained by the 
interaction with the local surroundings in the real structures (in which the interaction 
is not a too long range one). The relation (16) describes the dependence between 
the correlation functions and the local elastic moduli and hence they are applicable 
to the description of the infinite samples in which there exists order not lower 
than short range one. It should be, however, remembered that the local (micro- 
scopic) and the experimentally measured macroscopic shear moduli can be not 
coinciding in mesomorphic phases (the connection between them will be investi- 
gated below). 

For the description of translational order we introduce two  parameter^.**'^.'^ The 
first one is 

G,,[(u2(L0))] = exp[ - b'(u2(L0))/2], 

where b = Z%=, b,i, is the reciprocal lattice vector; b2 = b: + b$; p(r,Lo) is the 
density in the point r of the sample of the size Lo; po is its mass/volume ratio. 

The second one is 

(19) 
W )  = '3[Xi(L)I * @2(L)I * O[X3(L)I - (P(L)P(O)) - P k  

O[x,(L)] = exp[ -b;x,(L)/2]. 

Here and below the following designations are made: p(L) is the density in the 
point L of the infinite sample; (uz(Lo))= limL+ (u:(Lo)).; (uz(L!)) = 
limLb, (uz(Lo)); x,(L) = limLo,,+x(L,L0); x,(L) = xJL) where L3 = 0; x,(L3) 
= x,(L) where L = 0. 

The parameter G,,[(u'(Lo))] characterizes translational order within the layer. 
If limLLx G,,[(u2(L0))] f 0 then there is long range order within the layer of the 
infinite sample. Crystalline order may exist otherwise if the layer size is limited Lo 
< L,$ Here L: is the distance where G,,[(u'(Lo))] decreases by e times 
(G,[(u*(Q)] = e-l). In terms of the clusteric model*O the parameter Gwi(u2(Lo))] 
is applicable to the description of partial order in the infinite sample also. It is 
supposed in this model that the system consists of non-intercorrelated clusters 
possessing crystalline order. The more the clusters sizes the more the order value. 
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154 I. S. GERSHT AND V. K.  PERSHIN 

These sizes can be apparently identified as the parameter within the layer. 
The functional dependence G,[(u$(L!))] allows to describe order in the direction 
to the normal to the layer in similar way. 

The parameter 8(L) may be used for the description of “paracrystalline”20 partial 
translational order of the infinite sample. The presence of the “distorted” lattice, 
i.e. quasi lattice with weakly changing intermolecular distances is supposed in terms 
of this model. e[x,(L)] and 8[x3(L3)] describe translational order within the layer 
and along the normal to the layer. 8[x2(L)], 8[x(L3)] and 8[x3(L)] characterize the 
shear correlations within the layer, of the layers and of the layers bend, respectively. 
The more the decrease of these functions the more the weakness of the corre- 
sponding correlation couplings. A quantitative investigation can be fulfilled by 
introducing of the correlation radius. The correlation radius is the distance at which 
the correlation function considered decreases by e times. The corresponding cor- 
relation properties at this distance are similar to those of the crystal. Thus, for 
example, ordering is crystalline at the distance L,(B[x(L,)] = e- l )  within the 
layer. 

It can be presumed8 that order not lower than short range one exists in the system 
(we would remind that the formalism used in the paper can be valid in this case 
only) if at least one of the functions GILo] or 8(L) decreases not more rapidly than 
in the case of the exponential law. The analysis of (17) can show that so that B[x(L)] 
and 8[x3(L3)] should satisfy this condition it should be enough that e [ x ( l ) ]  # 0 
and 8[x3(13)] # 0, respectively. 

It should be specified that it is necessary to verify the formalism applicability in 
the case of short range order, i.e. to calculate the dimensions of the ordering region 
for the structure considered and to show that these dimensions are much greater 
than the corresponding intermolecular distances. If order is higher than short range 
one then, apparently, there is no necessity for such a verification. 

Note that the parameters (18) and (19) describing though physically different 
correlation properties are, however, mathematically by the asymptotic 
relations (I << L = Lo; l3 << L3 = L!) 

x,(L) = x,(L) = 2(u2(Lo)) if e [ x ( l ) ]  # 0, 

x3(L) = 4(u$(Lo)) if e[x3(i3)] # 0. 

Now we integrate (17) for different values of the elastic parameters (6) using (20) 
and eliminating the states in which order is lower than short range one. The results 
we write into the Tables I and 11. 

Translational order within the layer and the elastic properties characterizing the 
shear within the layer and of the layers are considered in Table I. The index i in 
Pij(i = 1, 2, . . . 5 )  is numbering different possible types of these properties (in 
accordance with Table 11, j indicates the ordering type in the direction of the normal 
to the layer and of the elastic properties characterizing the layers bend). Let us 
consider ordering within the layer. The states PIj and P, are characterized by the 
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ELASTIC PROPERTIES OF SMECTICS 155 

presence of long range order within the layer. There is no such order at i > 2. In 
states Pij(i > 2) we have 0[x(r)] # 0 and thus, according to (20), both clusteric 
and paracrystalline ordering models are equally applicable in them. The simulta- 
neous realization of the conditions 0[(l)] = 0 and G,,,,[(u2(L0))] f 0 at Lo < L i  
in the states P2j and P$ indicates that partial order corresponds to the clusteric 
model in this case only. 

We ought to discuss the influence of the terms nonlinear with respect to K for 
the characterization of partial order of the states having the shear instability 
(C1313 = 0 and/or C, = 0). In the long wave approximation (i .e.  at the account 
of the terms linear with respect to K only) it follows from the condition C, = 0, 
according to (17), that there is actually no short range order in the layer. It is, 
however, known from the e ~ p e r i m e n t ~ , ~  that there exists short range order within 
the layer of the smectic A (C, = = 0). For the elimination of this and some 
other contradictions the account of the nonlinear terms is fulfilled in the paper. If 
the system possesses the statical shear instability (precisely speaking, C, and/or 
c1313 is equal to zero) then the corresponding nonlinear terms provide the presence 
of the restoring forces with respect to the dynamical temperature fluctuations of 
the shear. These forces decrease the integral value (17) significantly, i.e. they 
increase the translational ordering degree. In particular (see Table I), the states 
characterized by the statical shear instability within the layer (C, = 0) may possess 
local translational order in this direction (O[xl(l)] f 0). 

Now we investigate the elastic properties characterizing the shear of the layers 
parallel to each other. We modify the results of the second section of the paper 
by means of the account of partial disorder for the solution of this problem. Let 
the external shear stress be changed according to the harmonica1 law. If the radius 
of the interlayer shear correlations Lf (we remind that Lf is the distance at which 
0[x(L3)]  decreases by e times) is much greater than the length of the excited wave, 
A ,  then the elastic response will be similar to that of the system possessing long 
range order. It is evident that in this case the macroscopic shear modulus Cf3,,, 
coincides with the microscopic one which is investigated in the second section (i.e. 
Ctl3 = c1313 if c1313 f 0, = C&13 - oif  c1313 = 0). The elastic response 
is, apparently, absent (i.e. cf313 = 0 )  in the case A >> L:. It is not difficult to 
understand that the relations mentioned can be re-formulated in following way. If 
the frequency of the external shear stress is small enough, o << wo = 2 d T  
(T = L3’K3/o is the time for the transversal wave to pass along the distance which 
is equal to the correlation radius, i.e. the relaxation time) then there is no elastic 
response (i .e.  CY313 = 0) .  For the opposite case, o >> wo, the response is the same 
as in the system possessing long range order. 

The possible types of the frequency dependence for the experimentally measured 
macroscopic interlayer shear modulus Cy3:713 are shown in the Figure 1. wo = 0 and 
the micro- and macroscopic shear moduli coincide for any frequency at i I 3. 
If i = 4 3  then the value of C t I 3  is essentially influenced by partial transla- 
tional disorder and the shear modulus coincides with the microscopic one at 
the sufficiently high frequencies (w >> oo f 0) only. The relaxation time does 
not depend on the external influence frequency and 0,) = 2dT = 
2 ~ v ‘ = / m L 3 ’  at i = 4. If i = 5 then wg = r 2 1 $ G / f l ( L : ) *  and the 
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TABLE I 

Order within the layer G,[(u2(L0))], shear correlations within the layer B[x,(L)] and between the layers O[x,(L,) + xz(L3)] 

Ct6(0) Cl;!Yl c, C& '1313 c;313 G,[4(uZ(L0))] @[x,(l)] Fig. 1 order e[Xi(L3) + x&)1 Fig. 1 pv 
PI, f O  - f O  - f ,  exp(a,l/LO) f O  (4 long-range pl(L3/13)61'3L3 (a) F 

f O  - = O  + O  f z  e x p ( a , W )  f O  (4 long-range pz( L,//,)B2'3'L3 (b) 
f2 P2I 

f O  - = O  = 0 f,( LOMj - "3 f O  (4 quasi-long-range 0 (el p ,  

p4 =o f O  f O  - f4(LO/l)-=4 f O  (d) quasi-long-range p4(L3/I3) - 64 (c) 

$ =o = o  f O  - f:(LO/l) - 4 l " c L o 4  = O  (4 intermediate pZ( L, /I3) - e h L J i ' 3 )  (C) p; 

' 5 1  =o f O  = O  f 0 f5  exp( - a5Lo/l) f O  (6) short-range P5exP( - P5LJ4) ( 4  
p:, = o  = o  = O  f O  f: exp( -a:Lo/l) = O  (4 short-range p: (L, 11,) - O W 3  ( 4  

cn 

R (two-dimensional) 

U (clusteric) c 
F 
z (clusteric) 

0 at e[x,(l)] = 0, 
G,,,,[2(uZ(Lo))] at e[x,(r)] # 0, 

at L = Lo>> I ,  L, = L! >> 1, e[xl(L)l e[x2(L)1 
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ELASTIC PROPERTIES OF SMECTICS 157 

Appendix I (to Table I) 

Correlation of the order parameters with the local elastic moduli 

relaxation time T = [2(M)1/4L:/I(C;313)*/4]~- 1’2 is a monotonously decreasing fre- 
quency function. 

We can similarly investigate the macroscopic shear modulus within the layer 
Cg6 and (using Table 11) order in the direction of the normal to the layer and the 
shear modulus C:,,, as well. 

We had considered the correlation properties of the system in this section. By 
analyzing (17) it can be noted that’there are following connections between them: 
firstly, there is a one-to-one correspondence between the properties described in 
Table I-order within the layer, the correlations characterizing the shear within 
the layer and of the layers and secondly, the same dependence between order in 
the direction of the normal to the layer and the correlations of the layers bend 
considered in Table 11. However, the three local shear moduli can be equal to zero 
for molecules of arbitrary shape independently from each other (see the second 
section). Thus, there is no connection between the correlation properties described 
in different Tables for the states where C,, f 0. For example, the change of the 
order type within the layer is sure to lead to the qualitative change of the shear 
correlations within the layer and between the layers but it can also not change 
order types over the normal to the layer and the correlations of the layers bend. 
Such a differentiation of the correlation properties allow to distinguish 7 - 3 = 21 
(7-Table I; 3-Table 11) qualitatively different states. If C33 = 0 then, according 
to (14), C1313 = 0. Therefore we can consider another 8 states where C,, = C,,,, 
= 0. Two from these 29 states are characterized by short range order in all of the 
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TABLE I1 

Order over the normal to the layer G,,.,[(u;(L;))] and the shear correlations associated with the layers bend O[x,(L)] 

_______~ ~ 

O[x,(L)] = G,,[4(u:(Lo))] at L = Lo >> I ,  L, = L: >> I ,  
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ELASTIC PROPERTIES OF SMECTICS 

Appendix II (to Table II) 

Correlation of the order parameters with the local elastic moduli 

a;, = 

159 

directions and are left beyond of our investigation. Three states cannot be described 
by the extreme cases of rodlike, disc-like and spherical molecules. Thus, 24 states (a 
crystalline one and 23-smectic ones) differing qualitatively from each other in 
translational order and elastic properties are considered in the paper (see Table 111). 

It is necessary to study the frequency dependence of the elastic moduli for the 
experimental identification of the states investigated. The x-ray analysis of trans- 
lational order is desirable for the verification of the classification. The investigation 
of the frequency dependence of the elastic moduli is necessary inasmuch as just 
such an experimental technique analyzed in accordance to the results obtained in 
the paper allows to determine the main parameters of the theory-the local elastic 
moduli. Even the combined investigation of the statical elastic properties and 
translational order is insufficient for the experimental identification (for example, 
the two techniques do not allow to distinguish qualitatively between the states P ,  
and P4j) .  

Note that the standard cla~sification’*~*’~ allows to distinguish between only two 
smectic states differing qualitatively by translational order and elastic properties. 
The first one corresponds to the model “liquid layer”14 the second one- “liquid 
c ~ l u m n ” . ~  The extension of the classification is connected in the paper with the 
consideration of the “intermediate” types of translational ordering in the fixed 
direction and the specification of the interconnections between different correlation 
properties. 
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160 I. S. GERSHT AND V. K. PERSHIN 

45 

10 

,IU 
'13Q 

a 

5 t  
/ 

0 50 too w,Hz 

C 
I 
I 
I 
I 

FIGURE 1 Frequency dependence of the interlayer macroscopic shear modulus Cr3,3 
a) Ct13 = C1313 = const for the phase PIj (in particular, PI,, i .e. for a crystal) 

b) Ch13 = Cf313 - w for P, (in particular, P,,, i.e. SmB) 

0 at w << for P ,  (in particular, P.,,. i.e. SmF,) c,,,, = constant at o >> o,, 

for P, (in particular, P,,, i.e. SmA,) 0 at w << oo 
dl cb13 = [ Cg,, - o  at o>>oo 

e) Cr3,3 = 0 at any o for P, (in particular, P,,, i.e. SmF,) 
+ + + + + -experimental curve C,313(o)/C1313(w*). (o* = 0, 1 Hz) for the smectic B phase of 

the compound 408; - - - - - -experimental curve of the shear modulus G' of the non-oriented 
sample cholesterole-miristate in the smectic A phase. 

4. DISCUSSION 

24 states differing qualitatively by the elastic properties and translational order are 
considered in the paper. In accordance with the known thermodynamical definitions* 
we shall demonstrate that different states may be considered different phases. In 
the high temperature limit T >> w the system entropy has the form" 

S = ln[T/wj(K)]. 
K , j  

Different states are characterized by different values of the local elastic moduli. 
The jumping discontinuity of these moduli (or of their temperature derivatives) 
leads to the similar alteration of the frequencies (6) and, hence, of the entropy 
(21). It is not difficult to notice (Tables I and 11) that the entropy increase cor- 
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TABLE I11 

Classification of mesomorphic phases according to translational order and elastic properties 

~~ ~ 

Phases: Cr-crystalline, Sm-smectic, D-columnal, ?-the new phases, + -the phases not considered in the paper. In parentheses-the indexes char- 9 
acterizing the shape of molecules able to form a given state (S)-rodlike, (I)-spherical, (D)-disclike molecules. 8 
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162 1. S .  GERSHT AND V. K.  PERSHIN 

responds to the ordering decrease at such a transition. In spite of that not all of 
the 24 states differ by “global” symmetry the transition between them leads always 
to the jumping discontinuity of one of the free energy derivatives. Hence, such a 
transition can be named a phase transition and the different states can be considered 
the different partially ordered (i.e. smectic) phases. 

We fulfill the classification (Table 111) of the SLC phases in connection with 
translational order and elastic properties (we shall not repeat the known results’ 
allowing to specify this classification by means of the account of orientational order). 
On this basis we shall apply the results obtained for the description of the known 
liquid crystals and discuss a possibility of the existence and the experimental iden- 
tification of the new smectic phases. 

It is evident that P,, is a crystalline phase. The other 23 phases are smectic 
phases. 

1.  Pzl is an “intermediate” phase. Similar to a crystal it possesses long range 
order in all directions but is characterized by the instability relatively the slow shear 
of layers parallel to each other (i.e. similar to a liquid crystal this phase is a fluid 
one). In accordance with the experimental resultsz1 P,, can be identified as the 
smectic B. It is essential that these experimental results cannot be described in 
terms of the known theoretical  concept^'.'^ since in the long wave approximation 
long range order within the layer is destroyed at c1313 = 0 due to the Landau- 
Peierls divergence.’ The contradiction indicated can be interpreted by means of 
the account of second order with respect to the wave vector K. It is shown (see 
Table I) that though order within the layer differs from the ordinary crystalline 
(Pll) one “by the great influence of dimensional effects”’” (Gw, - exp(aJ/L‘))- 
for the crystal, G,, - exp(a,d/-)-for the smectic B) at C1313 = 0, but 
C;313 # 0 but it still is a real long range one. The validity of the theory presented 
may be also evidenced indirectly by the qualitative correspondence (see Figure 1) 
of its results for the dynamical shear modulus Ctl3 - w to the experimental re- 
sults.*l For the quantitative estimation of the value c ; 3 1 3  we write down from (6): 
Cy313 = C;3131$K:/16P. Using the experimental results,22 C t , ,  = 7 lo8 dyne/cm2, 
at 2dK3 = 5145 8, and putting typical values 1 = 5 A, l3 = 30 8, we get C;313 = 
8 . lo4 dyne/cm. Hence, it follows according to (6) that K33 = 9, 6 . lo-’ dyne. 
Such a value for K33 in the smectic phase is by 4-5 orders higher than the typical 
values,23 K33 - 

Thus, the smectic B possesses long range order in all directions but differs from 
the ordinary crystal by the great influence of dimensional effects within the layer 
and by the instability relatively the slow shear of the layers parallel to each other. 

2. Phases P3,, P41 and PZ1 are characterized by quasi-long-range order (i .e.  by 
intermediate between short and long range ones) within the layers, by the zero 
value of the statical shear moduli within the layer and between the layers 
(Ck = ct;l3 = 0 at w = 0). In terms of the known notions6*’ these three phases 
are not distinctive from each other and identified as the smectic F. In accordance 
with the Landau-Peierls theorem’ it can be accepted6 that long range order is 
destroyed because of the absence of the interlayer shear correlations in this phase. 
This interpretation is applicable for the description of P3, in the present paper. 

dyne, in the nematic phase. 
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ELASTIC PROPERTIES OF SMECTICS 163 

The existence of two other phases, P41 and P21, is bound with the influence of the 
nonlinear effects (see Tables I and 111). 

3. P52 and Ps*, are characterized by short range order within the layer and by 
quasi-long-range one in the direction to the normal to the layers. In accordance 
with these properties they can be identified as the smectic A phases. Order along 
the normal to the layer is completely enough analyzed in the l i t e r a t ~ r e . ~ * ~ J ~  In 
addition to the results already known we describe short range order within the 
layer as well. For this purpose we estimate the value of the correlation radius 
L, = P(C;313)’/4(Ci6)3/4/32T (see Table I and Appendix I) of the smectic A (to be 
precise: P52) at the room temperature T = 4 erg. It is not difficult to show 
from the expression for the force constants (5) of the Morse potential’* that 
I@;:[ = [@;!I * exp[ - g ( G  - l)] (g is the parameter of the long range interaction; 
g decreases at the interaction increase). Whence it follows, according to (6), that 
c& = 8 . / ,~,,exp[ -g(V3 - I)]. Putting Cll = 4 - 10’~ dyne/cm2, 22 and using 
the value c;313 = 8 * lo4 dyne/cm calculated above we get 

L,/1 = 179 exp( -0,55g) (22) 

It is clear from this relation that the correlation radius within the layer increases 
at the increase of the long range interaction. Similar results can be obtained for 
some other smectic phases by using Tables I and I1 and Appendixes I and 11. We 
get L, / l=  7 for the values g = 6 at which the Morse potential corresponds to the 
Lennard-Jones potential. This result is in good agreement with the experimental 
data2 according to which (L,/ l  = 5) and satisfy the main approximation in our 
paper, L,/l >> 1, as well. 

Note that all the shear moduli of this phase have the same form of the frequency 
dependence. It is evident that the shear modulus of the non-oriented sample must 
have a dependence of the same type. This result describes (see Figure 1) experi- 
mental data23 qualitatively. 

Thus, the existence of short range order within the smectic A layer is provided 
by the high frequency (described by means of the account of the terms nonlinear 
with respect to the wave vector) intermolecular correlations. The nonlinear effects 
allow to interpret the shear rigidity of this phase at the sufficiently high frequencies 
of the external effects also. 
4. P13(D1) is characterized by short range order along the axis OZ and by long 

range order in the directions parallel to the plane XOY. 
5. P23(D2) differs from Pi3 by ordering in the plane XOY. Ordering of Pi3 is 

similar to ordinary crystalline one in these directions and P23 possesses the same 
one as that of the smectic B (i.e. P23 is characterized by the greater influence of 
the dimensional effects). Pi3 and P,, are experimentally found24 in columnal systems 
(the columns are parallel to OZ) formed by disc-like molecules. The theoretical 

fulfilled in terms of the model “liquid column” describes P23 quite 
well but does not admit a possibility of the existence of the phase P13. The inter- 
pretation of ordering of Pi3 is fulfilled in the present paper by means of the veri- 
fication of the limitations connecting the elastic properties and ordering. 
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164 I. S. GERSHT AND V. K.  PERSHIN 

In addition to the results concerning the known smectic types new SLC phases 
are predicted (see Table 111) in the paper. These phases occupy the positions 
intermediate between the known ones due to their elastic properties and transla- 
tional order. The new phases do not differ from the known ones in terms of the 
standard notions’ based on the idea of the “global” symmetry. In correspondence 
to the known thermodynamic definition,* however, the separation of the new phases 
is necessary since the transition between all the states considered is followed by 
the discontinuity of one of the free energy derivatives. We remind that the new 
phases can be experimentally identified by means of the x-ray investigation of 
translational order and by measuring of the frequency dependence of the shear 
moduli (Tables I and 11). 

Let us discuss a possibility of the existence of translational order typical for 
smectic phases in the systems formed by spherical molecules or atoms. It is evident 
from the conditions = C4 = + 4@4+)/3/12 (see (6), (8)) and < 0 
that the conversion of C4 into zero is followed by the decrease of @!$ and the 
increase of the absolute value [@;+I. l@i;l - I@:+[ * exp( -g )  in th crystalline phase 
and thus, it follows from (6) that c;313(P52) and C4(Pl,) satisfy the estimation 
C;313(P52)13/16 l2C+,(P1,) > exp( - g ) .  Substituting this estimation into the expres- 
sion for L, considered above for the smectic A we get 

L,/1 L p exp( -0,8g) (23) 

where p = 0 , 3 m  (C,)’/4(C11)3/4/T. It follows from this relation that L,/I 2 7 
at g < go(L,/l - 7 corresponds to the experimental data mentioned above and to 
their theoretical interpretation for Sm A). In particular, we have go = 5,5 and p 
= 573 for Ru and go = 4,3 and p = 222 for Zn.13 Such go correspond to the range 
of the reasonable values (2 < g < 10) of this parameter. By means of analogous 
considerations it may be shown that the correlations over the normal to the layers 
are not weaker than those in the smectic A at g < go. 

Thus, in the orientationally non-correlated systems the phases may exist in which 
translational order and elastic properties are similar to those of the smectics. 

5. CONCLUSION 

Twenty-three smectic phases differing by translational order, elastic properties and 
transforming into each other by means of phase transitions are considered in the 
paper in terms of the microscopic approach on the basis of the account of the 
second order with respect to the wave vector K. The known smectic phases are 
studied. The existence of new SLC’s is proved in connection with the investigation 
allowing a) to characterize intermediate (between the long and short range ones) 
translational order in the fixed direction, and b) to verify the limitations connecting 
the elastic properties and ordering. A technique of the experimental identification 
of the new phases is described. 
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ELASTIC PROPERTIES OF SMECTICS 165 

Let us formulate the most interesting results: 

1. It is shown that the anharmonism and non-centrality of the intermolecular 
interaction are to be accounted in the microscopic description of the elastic and 
correlation properties of the phases possessing the statical shear instability. 

2. The existence of the dynamical shear rigidity at the high frequencies (o >> 
wo) and its absence at the low ones (w << wo) is connected with the availability 
of local translational order. The increase of the shear moduli observed in some 
phases (for example, in smectics A and B) at the frequency increase is interpreted 
by means of the account of the second order with respect to the wave vector. 

3. It is established that translational order and elastic properties are similarly 
influenced by the orientational correlations of the long axes of molecules and by 
their translational transversal correlations with the second neighbours. It is proved 
on this basis that the phases not ordered orientationally but possessing translational 
order and elastic properties typical for smctic phases can exist at the sufficiently 
high long range intermolecular interaction. 
4. It is shown that the smectic B possesses long range order in all directions but 

differs from the ordinary crystal by the great influence of dimensional effects within 
the layer and by the instability with respect to the slow shear of the layers parallel 
to each other (i .e.  Ct,, = 0 at o = 0). 

5. It is found that local translational order within the layer of the smectic A and 
the dynamical rigidity of this phase at the sufficiently high frequencies are main- 
tained by the restoring forces connected to the terms nonlinear with respect to K. 

6. It is demonstrated that the phase transitions (i.e. the discontinuity of one of 
the free energy derivatives) can be not followed by the change of the “global” 
symmetry of the system. 
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